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Abstract 

We quantize the (2+l)-dimensional self-dual and Maxwell-Chern-Simons the- 
ories by using the Faddeev-Jackiw formulation and compare the results with 

those of the Dirac formalism. 
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I. INTRODUCTION 



The basic ideas of quantization of a constrained system were first presented by Dirac 
[IJ. By using his method, one can obtain the Dirac brackets, which are the bridges to the 
commutators in quantum theory. Several years ago, Faddeev and Jackiw (FJ) proposed 
a method of symplectic quantization of constrained systems for a first-order Lagrangian 
H, which was different from the Dirac procedure. In the FJ method, the classification of 
constraints as first or second class, primary or secondary, is not necessary. All constraints 
are held to the same standard. Since their work, their quantization method has attracted 
much attention because it seems to be algebraically much simpler than the Dirac method. 

In addition, the study of gauge theories in three-dimensional space-time is very attractive. 
In odd-dimensional space-time, the topologically non-trivial, gauge-invariant Chern-Simons 
term gives rise to masses for the gauge fields ||. It is known that the spin-one theory in 2+1 
dimensions may be described by two covariant actions; one is the Maxwell-Chern-Simons 
(MCS) action, which is constructed with a Maxwell term and a Chern-Simons term while 
the other is the self-dual (SD) action generating the square root of the Proca equation for a 
massive vector field 0. 

In this paper, we will use both the Dirac and the FJ methods in order to quantize the 
(2+l)-dimensional gauge theories. We will derive the Dirac brackets and the equivalent 
equations of motion for the SD model |5||| in Section II, and for the MCS theory [|,[7| in 
Section III. Section IV presents the conclusion. 



II. SD MODEL 
1. Dirac Quantization of the SD Model 

In this subsection, we first briefly recapitulate the Dirac method with the SD Lagrangian, 
which is constructed with both the ordinary and the topological mass terms: 

C = l -m 2 B^ - ^rne^B^B" (1) 



where = diag(l, —1,-1) and eoi2 = 1- Denoting the canonical momenta of the vector 
field as H^, we obtain three primary constraints and the canonical Hamiltonian as follows 

u = n « o, 



uji = Ui + -meijB « 0; (i = 1, 2), 
H c = J d 2 x [-^m 2 B^B^ + me ij B Q diBj\. 



(2) 



With these primary constraints and the corresponding Lagrange multipliers A M , we write 
the primary Hamiltonian as 



H P = H C + J d 2 x A^; (/x = 0, 1, 2). 



(3) 



Then, we obtain one more constraint by requiring the time stability of luq: 

lu 3 =u = {uj , H p } 

= m 2 B° - me^diBj w . 



(4) 



The time stabilities of Ui and u)% give no additional constraints and only play the role of 
fixing the values of Lagrange multipliers. All four constraints are completely second-class 
constraints. 

According to the Dirac formalism, we can find the C^-matrix from the Poisson bracket 
of the constraints 

^ -to ^ 



0-13* 
1 0-df 
to <9f — df 



5 2 (x-y) 



(5) 



with the inverse matrix 



TO 



/ 9? -1 ^ 
(9? — to 



<9f to 



10 
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5 2 (x - y). 



(6) 



Imposing all the constraints, the reduced Hamiltonian is found to the 



// / d 2 x ^diBjf-^B^ 



(7) 



in which the only physical variables are the Bi. On the other hand, since the Dirac bracket 
of two variables is defined as 



{A, B} D = {A, B} - {A, ^C^K, B}, 



(8) 



the non-trivial Dirac brackets of the variables in this model are 



{Bi(x),Bj(y)} D = -—e i:j 5 2 (x - y). 



(9) 



2. FJ Quantization of the SD Model 

Now, we quantize the SD model following the FJ method @,@,[|. The first-order La- 
jrangian equivalent to the Lagrangian in Eq.(l) is 



C 8D = 



(10) 



where the zeroth-iterated symplectic potential is 



ft (0) (0 = me ij B°d i B j - -m 2 B„B^. 

With the initial set of symplectic variables, ^°> l = (B°, B 1 , B 2 ), we have, according to the 
FJ method, the canonical one-form af*^ = (0, — |B 2 , y-B 1 ). These result in the following 



singular symplectic two-form matrix: 



fii\x,y) = m 



^0 0^ 



1 
0-10 



5 2 {x - y). 



(11) 



Note that this matrix has a zero mode, v^\x) = (v-]_(x), 0, 0), where V\(x) is an arbitrary 
function. From this zero mode, we get the following constraint fl^ ': 
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° = I d2x 



d 2 y H (0) (0 



= / d 2 x Vl (x) [meijd'B 1 - m 2 B^ 



= j d 2 x t>i(x)fi (0) 



(12) 



In order to provide a consistent description of the system for this constraint, the constrained 
manifold must be stable under time evolution. In fact, this constraint is stable under time 
evolution. 

According to the FJ method, we can write the first-iterated Lagrangian with a new 
Lagrange-multiplier as follows: 



£(D = ^eijBW - ^B 2 B X + n(°>d - 



(13) 



where the first-iterated symplectic potential is 



H {1 \0 = \{mB»?- l -m 2 B l B* 



(14) 



Then, the first-iterated set of symplectic variables becomes ^ % = (B° , B 1 , B 2 , a), and the 
canonical one-form becomes afp = (0, — y-B 2 , y-B 1 , meijd l B^ —m 2 B°). We get the following 
first-iterated symplectic matrix from the above variables: 



fij\x,y) = m 



5 2 (x - y). 



(15) 



^ -m ^ 
1 -d 2 x 
-1 dl 
m -d 2 x d l x 

Since this is a non-singular matrix, we finally obtain the desired inverse matrix of the above 
matrix as 



V 



o -dl -dl 1 ^ 



\f8 ) ]- 1 (*,v) = — 2 



X X 



-d l x -m 
-dl m 
-10 



5 2 (x - y). 



(16) 



Finally, according to the FJ method, the Dirac brackets are acquired directly from the 
elements of the inverse of the symplectic matrix because 

{& ) (x),£\y)} = lf i % 1 (x,y)- (17) 

Reading the Dirac brackets from above matrix, we find that 

{Bi(x), Bjiyfto = -^jS 2 (x - y), (18) 

which is the same as the equation for the Dirac brackets in Eq.(9). In addition, using the 
constraints and the Dirac brackets, we can easily obtain the self-dual equation of motion for 
Bi, which has only one dynamical degree of freedom, 

(□ + m 2 )S! = 0, (19) 

because ITi is propotional to B 2 . 

It seems appropriate to comment on the Dirac and the FJ formalisms. Firstly, through 
the quantization of the SD model, we have shown that the number of constraints is fewer 
and the structure of these constraints is very simple because we do not need to distinguish 
between first- or second-class constraints, primary or secondary constraints, etc.. Secondly, 
we have easily obtained the Dirac brackets by reading them directly from the inverse matrix 
f^(x,y) of the symplectic two-form matrix. Thirdly, we have shown that the symplectic 
Hamiltonian at the final stage of iterations exactly gives the reduced physical Hamiltonian, 
which may be obtained through several steps with the three definitions of the canonical, the 
total, and the reduced Hamiltonians in the usual Dirac formulation for constrained systems. 

The above three merits have been recently analyzed in several papers, on the subjects of 
the nonrelativistic point particle, three-dimensional topologically massive electrodynamics, 
the nonlinear sigma model, two-dimensional induced gravity |J, constrained systems |J, etc. 
These works show how efficient the symplectic formalism is, and confirm that the symplectic 
quantization method is a simpler alternative to the Dirac's formalism in the sense that the 
brackets are obtained more easily and are exactly same as the Dirac brackets. As a result, 
we can replace the obtained brackets with the quantum commutators as { , }u — ► i[ , ]■ 
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III. MCS THEORY 



1. Dirac Quantization of the MCS Theory 

In this subsection, in order to compare it with the FJ formalism, we sketch the Dirac 
quantization procedure with the MCS theory, which is constructed with the Maxwell and 
the topological mass terms: 

Cues = + ^mF^ (20) 

where F p = \e ilvp F vp = e lxvp d v 'A f '. Denoting the canonical momenta of the vector field as 
IT Q , we obtain one primary constraint and the canonical Hamiltonian as follows: 

u = n = o, (21) 

Hc = J d'xi-^U^ + i(n,) 2 + ^-(Ar + \{e^Aif 

711 

+ d i d i A°--e ij {d i Ai)A Q ] . (22) 

With the primary constraint and the corresponding Lagrange multiplier u, we write the 
primary Hamiltonian as 

H p = H c + J d 2 x ulo . (23) 

Requiring time stability of the primary constraint, we get one more constraint: 

in 

u 1 = dj = d l U t + -e l ,d l A r (24) 

Note that the time stability of oj\ gives no additional constraints and only plays the role 
of fixing the value of the Lagrange multiplier. These two constraints are first class, which 
gives rise to gauge invariance. Therefore, we should introduce a gauge-fixing function to find 
the true physical variables correctly. Choosing the Coulomb gauge condition oj 2 = diA\ we 
obtain one more constraint: 

uj 3 = u 2 = me^Ai + A . (25) 



Now, all four constraints are second-class. 



We find the C^-matrix from the Poisson bracket of the constraints: 



-1 
10 
0-100 
10 



5\x - y) 



with its inverse 



n- 1 = _ 



1 ^ 



0-10 
10 
-10 



5\x-y). 



Imposing all the constraints on Eq. (23), the reduced Hamiltonian is found to be 



H, 



= J <?x [-je^Ai + \{^y + ^(Ar + lie^n 



(26) 



(27) 



(28) 



Through a similar procedure as in the previous section, we obtain the following Dirac brack- 
ets: 



-ye^ 2 (£ -y), 



{A i (x),U j (y)} D = |f l 5\x-y). 



(29) 



These Dirac brackets will be compared with the symplectic brackets in the next subsection. 
2. FJ Quantization of the MCS Theory 

Now, we quantize the MCS theory following the FJ method. The first-order Lagrangian 

is 



c MC s = ^A l -n^(0 



(30) 



where the zeroth-iterated symplectic potential is 
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^ (0) (0 = -y^-iM' + ^) 2 + ^(Ar + l^Aif 



+U i d i A -^e ij (d i Ai)A . 



m 



(31) 



With the initial set of symplectic variables, = (A , A 1 , A 2 , Hi, n 2 ), we have, according to 
the FJ method, the canonical one-form = (0, n 1; n 2 , 0, 0). These result in the following 
singular symplectic two-form matrix: 

^0000 



fij\x,y) = 



-1 
-1 
10 
10 



S 2 (x-y). 



(32) 



This matrix has a zero mode v£\x) = (v i(x), 0, 0, 0, 0), where V\(x) is an arbitrary function. 
Using this zero mode, we get the following constraint: 
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= J d 2 x vf\x) 

-I 

= -Jd 2 x Vl ( x )n^ 



d 2 y w<°>(0 



m 



d 2 x vi(x)[d i U i + —e ij d l A J ] 



(33) 



We can write the first-iterated Lagrangian with a new Lagrange-multiplier as 



£ff C5 = n^ + ^ (0) «-ft (1) (0 



(34) 



where the first-iterated symplectic potential is 



WW(fl = W w (0 | n(0)=o 
m „ . ■ 1 



= —tyiuA' + -m 2 + ^(Ay + h^&A'f. 



(35) 



Then, the first-iterated set of symplectic variables becomes ^ V>1 = (A 1 , A 2 , III, n 2 , a), and 
the canonical one-form becomes af 1 = (Hi, U2, 0, 0, <9jIT + Y e ij9 l A^). From these variables, 
we find the following first-iterated symplectic matrix: 



f8 ) (x,y) = 






1 









1 



-1 

-1 







2 U x 

mfll 
2 U x 



V 



" 2 x 2 x u x u x 



o 



5 2 (x-y) 



(36) 



This matrix is also singular. 

Although we use the zero mode, v'jp = {div^, c^s, yC^s, — y<9ii>5, ^5), which gives non- 
dynamical relations of the system in the FJ method, we can't obtain the constraint any more. 
Since the Lagrangian one-form is invariant under the transformation rule of the symplectic 
variable, 5^' 1 = v^r/, we should introduce a gauge-fixing function. Using the Coulomb 
gauge condition = d l A\ we can extend the system as follows 



,(2) 

-MCS 



(37) 



where 



W< 2 >(0=W (1) (fl |n(D=o- 



The symplectic variables and the canonical one-form of the second-iterated Lagrangian are 



£W = (A 1 ,A 2 ,Il 1 ,Il 2 ,a,l3), 



m 



af ] = (n 1} n 2 , 0, 0, dTT + ^eij&XAA) 



Then, the symplectic two-form matrix is 



fg\x,y) = 







1 








-1 
-1 











2 x 2 x u x u 



^x 



-d 2 x 



2 w x w x 



mfll 
2 x 








-d 2 

X 










S 2 (x-y). 



(38) 



(39) 
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Since this matrix is non-singular, we finally obtain inverse as 



1 

V2 











-dld% 













-d 1 d^ 


QlQX 





d 2 

X 




c£af 





m 
2 


a 1 

a; 


m pp. 

2 3> 




dl&f 


m 
2 





-d 2 

X 


m pi 

2 x 








-dl 







1 


dl 




m p2 
2 °z 


m pi 

2 X 


-1 






(40) 



Then, we can directly read the Dirac brackets for the true physical fields from the above 
matrix, and they are the same as those in Eq. (29). In adobtion, we know that the physical 
degree of freedom in the configuration space is only one. The equation of motion of this 
degree of freedom, which is really the dual field F° contained in the Lagrangian in Eq. (20), 
is obtained by using the Dirac brackets in Eq. (29) and is found to be 



[D + m 2 )F° = 



(41) 



Therefore, the field F° is effectively equivalent to the field Bi, with the same mass appearing 
in both Eqs. (19) and (41). 



IV. CONCLUSION 

In conclusion we have studied the MCS theory and the SD gauge theory in (2+1)- 
dimensions using the Dirac and the FJ fomulations. We have found that both the Dirac 
and the FJ formulations result in the same Dirac brackets. Especially, we ascertain that for 
these cases the FJ formulation also is algebraically a much simpler method, which gives the 
desired Dirac brackets readily without the classification of constraints, than that of Dirac's 
just as several other interesting models |||9| . We have also shown that both the MCS theory 
and the SD gauge theory have only one degree of freedom in the configuration space and 
have effectively the same equations of motion. From this fact, we have found through FJ 
quantization that both theories are equivalent to each other at the level of the equation of 
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motion. This result coincides with that of Faddeev and Jackiw obtained by using the Master 
equation 0. 
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